Introduction.
A set {f n (x) }f of functions of L 2 (a, 6), where (a, b) is finite or infinite, is called complete if g(x) ÇJL 2 and Jlf n {x)g{x)dx = 0, w = l, 2, • • • , imply that g(x) = 0 almost everywhere on (a, b); a well known equivalent property ("closure") is that every element of L 2 can be approximated in the L 2 metric by finite linear combinations of the /n(#).
Suppose that {f n (x)} is not complete. It will sometimes be possible to find a function m(x) such that the set {m(x)f n (x)} is complete. This can also be considered as completeness after a change of weight function or a change of measure; but we shall not attempt to consider the most general change of measure here. We give some results on when a set can or cannot be completed by multiplication ; the problem of finding necessary and sufficient conditions is left open.
We first state our results. , that is, convergence in mean square. Suppose that m(x) is measurable, bounded, never 0, but such that
with g(x)ÇzL 2 , we have, since {f n (x)}£ is orthogonal and complete,
would not belong to L 2 on (a, b); that is, since m(x) is never 0, g(x) = 0 almost everywhere. In other words, the set {m(x)f n (x)}? is complete.
It remains to construct m(x). Let £ be a bounded set of positive measure on which |/o(#)| è*>0; choose m(x) on E so that m(x) is bounded and measurable and l/m(x) is never <*> but does not belong to L 2 on E\ let m(x)=*\ elsewhere. This function has the desired properties.
We now consider the general case. Here there are k functions fn(x), ft = 0, -1, -2, • • • , -k + l> such that {ƒ,*(*)}ü* + i is complete. We may again suppose that {ƒ,»(#)} -t+i is an orthogonal set. It is enough to construct a bounded measurable mix), never 0, such that {m(x) }" 1 ]C-*+i a,jfj(x) belongs to L 2 only if all the ay are zero.
and unless all the a, are zero, (2) contradicts the fact that g(x) belongs toL 2 . We now construct m(x). Let £o be a bounded set of positive measure on which fo(x) 5^0. Construct a bounded measurable nto(x) t never 0, such that fo(x)/mo(x) does not belong to L 2 on £ 0 and mo(^) = l outside. We now proceed by induction. Suppose that 0 S n < k -1 and that we have determined a bounded measurable m n (x) and a bounded set E n of positive measure such that \m n (x) }"* ]T}°n ajfj(x) belongs to is a bounded g(x) , not almost everywhere zero, such that
This is trivial if m(x) =0 on some set of positive measure. Otherwise, since m(x) is integrable, there is a set E of positive measure in (0, a) on which m(x) is bounded and not zero. Let E\ be the symmetric set in (-a, 0) . E\ contains a subset E% of positive measure on which m(x) is bounded and not zero. Let £3 be the symmetric set in (0, a) .
is odd and f n (x) is even, So (3) follows. } cannot be completed by multiplication on any interval of length exceeding w.
Proof of Theorem 5.
It is known that the U span of {x K n} f 53l/X n < 00, on any interval not containing 0, contains only functions analytic in that interval [5] . 
